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Abstract. We discuss collisionless kinetic equations describing the non-equilibrium dynamics of magnons
in a ferromagnet exposed to an oscillating microwave field. Previously, this problem has been treated within
the so-called “S-theory” where the collision integral in the kinetic equation for the magnon distribution
is either neglected or taken into account phenomenologically via an effective relaxation time. However,
the possibility of magnon condensation has not been included in S-theory. Moreover, the momentum
integrations appearing in the magnon self-energies are usually decoupled by retaining only the term where
the loop momentum is equal to the external momentum. In this work we critically examine the accuracy
of these approximations and develop the proper extensions of S-theory. We show that these extensions can
significantly modify the time evolution of the magnon distribution.
1 Introduction
Magnons in ordered magnets can be excited by expos-
ing the system to an external oscillating microwave field.
Due to the periodic modulation of the coupling parame-
ter, energy can be pumped into the system via parametric
resonance. The theory of parametric resonance in magnon
gases has a long history, starting with pioneering works
by Suhl [1] and by Schlo¨mann et al. [2]. A comprehensive
theory of parametric resonance in magnon gases was de-
veloped in the 1970’s by Zakharov, L’vov, and Starobinets
[3] who derived and solved non-linear kinetic equations for
the diagonal- and off-diagonal magnon distribution func-
tions
nk(t) = 〈a†k(t)ak(t)〉, (1a)
pk(t) = 〈a−k(t)ak(t)〉, (1b)
within the time-dependent self-consistent Hartree-Fock ap-
proximation. Here ak(t) and a
†
k(t) are the magnon anni-
hilation and creation operators in the Heisenberg picture
and 〈. . .〉 denotes the non-equilibrium statistical average.
The theoretical framework based on the time-dependent
self-consistent Hartree-Fock approximation developed by
Zakharov et al. [3,4] has been called “S-theory” and has
been quite successful to explain experiments probing the
non-equilibrium magnon dynamics in ferromagnetic insu-
lators such as yttrium-iron garnet (YIG) [5]. Although
previously many authors have used S-theory and exten-
sions thereof to study the physics of pumped magnon
gases, [5,6,7,8,9,10,11,12,13,14,15,16,17,18,19] the avail-
able theoretical descriptions are still incomplete. In par-
ticular, we believe that the following three points deserve
further theoretical attention:
a e-mail: hahn@itp.uni-frankfurt.de
1.) Magnon condensation: In a recent series of exper-
iments the phenomenon of “Bose-Einstein condensation”
of magnons in thin films of YIG has been observed [20,21,
22,23,24,25,26,27,28]. Although this phenomenon can be
explained using the classical stochastic Landau-Lifshitz-
Gilbert equation,[29] a microscopic quantum mechanical
description of the experiments based on a kinetic equa-
tion for the magnon distribution including proper col-
lision integrals has not been achieved. In such an ap-
proach the original spin model should be bosonized using
the Holstein-Primakoff transformation [30] and the kinetic
equations for magnon distribution derived from the effec-
tive boson model should be solved together with the equa-
tion of motion of the expectation values of the magnon
annihilation and creation operators [31]
ψk(t) = 〈ak(t)〉, ψ∗k(t) = 〈a†k(t)〉. (2)
However, in this case the distribution functions nk(t) and
pk(t) contain redundant information and one should con-
sider instead their connected counter-parts[17,32]
nck(t) = 〈δa†k(t)δak(t)〉
= 〈a†k(t)ak(t)〉 − 〈a†k(t)〉〈ak(t)〉, (3a)
pck(t) = 〈δa−k(t)δak(t)〉
= 〈a−k(t)ak(t)〉 − 〈a−k(t)〉〈ak(t)〉, (3b)
where δak(t) = ak(t) − 〈ak(t)〉. In conventional S-theory
[3] the expectation values 〈ak(t)〉 and 〈a†k(t)〉 are not ex-
plicitly taken into account, so that the kinetic equations
of S-theory should be modified if the expectation values
of the magnon operators are finite. In this work we show
how the kinetic equations of S-theory should be modified
in the presence of magnon condensation.
2.) Mode-decoupling: If the collision integrals in the ki-
netic equations for the magnon distribution are completely
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neglected, S-theory reduces to the time-dependent self-
consistent Hartree-Fock approximation. Interaction effects
are then taken into account via a time-dependent magnon
self-energy Σk(t) which depends on the distribution func-
tion nq(t) for all momenta q,
Σk(t) =
1
N
∑
q
Tk,qnq(t), (4)
where the Tk,q is a matrix element of the two-magnon in-
teraction vertex (see Eq. (25a) below) and N is the num-
ber of lattice sites. The resulting kinetic equation is then
an integro-differential equation, which will be discussed in
detail in Sect. 3. To reduce the mathematical complexity
of the problem, it has been proposed[3,4,6] to retain only
the term with q = k in the sum of Eq. (4), which amounts
to replacing the self-consistent Hartree-Fock self-energy by
Σk(t)→ 1
N
Tk,knk(t). (5)
The authors of Refs. [3,4,6]] have argued that this decou-
pling of modes is justified to describe a stationary state
where only the mode with the smallest damping (which
was introduced phenomenologically) is significantly pop-
ulated. If the damping of all other modes is sufficiently
strong, their contribution to the sum (4) can be neglected
for long times, so that only a single term with the small-
est damping survives. Although Zahkarov et al.[3,4] have
given intuitive arguments how the damping selects the ap-
propriate mode leading to Eq. (5), it is somewhat unsat-
isfying that the damping was introduced phenomenolog-
ically. If the damping indeed has the assumed form, the
resulting stationary magnon distribution is a reasonable
approximation to the stationary non-equilibrium distribu-
tion. On the other hand, the mode decoupling assumed in
Eq. (5) cannot be justified to describe the magnon kinet-
ics at finite times. Indeed, we will show in Sect. 5 that the
substitution (5) does not give a quantitatively accurate
description of the time evolution of the magnon distribu-
tion.
3.) Microscopic collision integral: Although the colli-
sion integral in the kinetic equation for the magnon dis-
tribution has been written down in the Born approxima-
tion [8], and the effect of collisions on the non-equilibrium
magnon dynamics has been taken into account phenomeno-
logically by introducing (by hand) a relaxation rate into
the kinetic equations of S-theory, we have not been able
to find in the literature an explicit solution of the quan-
tum kinetic equation for the magnon distribution includ-
ing the microscopic expressions for the collision integrals.
This technically extremely challenging problem is beyond
the scope of this work [33]. The collision integrals are of
a more complex form than the self-energy Σk(t) given by
Eq. (4) as they involve two momentum integrations and
depend on the non-equilibrium distribution functions. In
the stationary non-equilibrium state the explicit calcu-
lation of the collision integrals is therefore numerically
very challenging. It turns out that the microscopic col-
lision integrals as a function of the external magnetic field
strength display peaks at certain field strengths leading to
enhanced or reduced magnon densities [33].
The rest of this article is organized as follows. In Sect. 2
we briefly summarize the derivation of a microscopic bo-
son Hamiltonian describing the pumped magnon gas in a
ferromagnetic insulator such as YIG. In Sect. 3 we derive
the kinetic equations describing the time-evolution of the
magnon distribution using different levels of approxima-
tion. In particular, we derive the modifications of S-theory
in the presence of magnon condensation. The stationary
non-equilibrium solution of these equations are derived
in Sect. 4, while in Sect. 5 the resulting time-evolution
of the magnon distribution is calculated numerically to
assess the effect of magnon condensation and the effect
of the mode-decoupling approximation (4) on the time-
evolution of the distribution function within S-theory. Our
main results are summarized in Sect. 6. To make our work
self-contained, we describe in the appendix the derivation
of the effective magnon Hamiltonian and the two-magnon
interaction vertices specifically for YIG.
2 Hamiltonian for pumped magnons in YIG
To set up our notation, let us briefly outline the deriva-
tion of the effective Hamiltonian describing the pumped
magnon gas in YIG starting from the time-dependent spin
Hamiltonian [5,14,16,17,34,35,36,37]
H(t) = −1
2
∑
ij
∑
αβ
[
Jijδ
αβ +Dαβij
]
Sαi S
β
j
− [h0 + h1 cos (ω0t)]
∑
i
Szi , (6)
where i, j = 1, . . . , N label the sites ri and rj of a cubic
lattice with N sites and lattice spacing a ≈ 12.376A˚, and
α, β = x, y, z denote to the three components of the spin
operators Sαi . The exchange coupling Jij = J(ri − rj)
between nearest neighbors has the numerical value J ≈
1.29K. The energy scales h0 = µH0 and h1 = µH1 (where
µ = gµB) represent the Zeeman energies associated with
a static magnetic field H0 and a time dependent field H1
oscillating with frequency ω0. As explained in Refs. [37,
38], we may set the g-factor equal to two and work with
an effective spin S ≈ 14.2. We restrict ourselves to the
description of an infinitely long stripe aligned with the z-
axis of width w and thickness d = Na. For experimentally
relevant YIG stripes this thickness is several thousand lat-
tice spacings. The dipolar tensor Dαβij = D
αβ(ri−rj) can
be written as [37,40]
Dαβij = (1− δij)
µ2
|rij |3
[
3rˆαij rˆ
β
ij − δαβ
]
, (7)
where rij = ri − rj and rˆij = rij/ |rij |. We assume that
the classical ground state is a saturated ferromagnet for
magnetic fields oriented along the direction of the stripe.
In the ground state all spins align with the static magnetic
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field which defines the direction of the macroscopic magne-
tization. The spin Hamiltonian (6) can then be bosonized
via the Holstein-Primakoff transformation [30] and the re-
sulting effective boson Hamiltonian can be expanded in
powers of the small parameter 1/S,
H(t) = H0(t) +H2(t) +H3 +H4 +O(S−1/2), (8)
where the Hn contain all terms of order n in the boson op-
erators. We apply a partial Fourier transformation in the
yz-plane assuming the width w of the sample is infinite,
which is reasonable because for experimentally relevant
geometries the width w is much larger than the thickness
d. As explained in the appendix (see also Refs. [17,34,
37]) the time-independent part of the off-diagonal terms
in the quadratic partH2(t) of the effective boson Hamilto-
nian are then eliminated by means of a Bogoliubov trans-
formation and the non-resonant terms in the remaining
time-dependent part of H2(t) are simply dropped. With
these approximations
H2 (t) =
∑
k
[
εka
†
kak +
1
2
Vke
−iω0ta†ka
†
−k
+
1
2
V ∗k e
iω0ta−kak
]
, (9)
where the boson operator a†k creates a magnon with energy
εk. In the long wavelength limit εk can be approximated
by [37,38,39]
εk =
√[
h0 + ρk2 + (1− fk)∆ sin2 θk
]
[h0 + ρk2 + fk∆],
(10)
where the spin stiffness associated with the exchange en-
ergy is denoted by ρ = JSa2, and the energy scale asso-
ciated with the dipolar energy is ∆ = 4piµ2S/a3. The in-
plane wavevector k is parametrized as k = kzez + kyey =
|k| (cos θkez + sin θkey), so that θk is the angle between
the in-plane wavevector k and the external magnetic field.
The form factor fk can be approximated by [37]
fk =
1− e−|k|d
|k| d , (11)
and the pumping energy Vk is [17,34,35]
Vk =
h1∆
4εk
[−fk + (1− fk) sin2 θk] . (12)
We can remove the explicit time-dependence of H2(t) in
Eq. (9) by transforming to the rotating reference frame
via the canonical transformation
a˜k = e
i
ω0
2 tak, a˜
†
k = e
−iω02 ta†k. (13)
The quadratic part of the transformed Hamiltonian in the
rotating reference frame is then independent of time,
H˜2 =
∑
k
[
Eka˜
†
ka˜k +
Vk
2
a˜†ka˜
†
−k +
V ∗k
2
a˜−ka˜k
]
, (14)
with shifted magnon energy Ek = εk − ω0/2. Unfortu-
nately, the canonical transformation (13) generates some
explicit time-dependence in the interaction part of the
Hamiltonian [34]. For example, the cubic part H˜3(t) of
the magnon Hamiltonian contains terms of the form
eiω0t/2a˜†−k1 a˜
†
−k2 a˜k1+k2 . For our purpose we can simply
neglect H˜3(t) because it involves only rapidly oscillating
terms with frequency ω0/2 |k−ω0/2| which should be
consistently dropped in rotating-wave approximation. Fi-
nally, the quartic part of the magnon Hamiltonian in the
rotating reference frame is of the form [34]
H˜4(t) = 1
N
∑
k1,...,k4
δk1+···+k4,0
[
1
(2!)
2Γ
a¯a¯aa
1,2;3,4a˜
†
−1a˜
†
−2a˜3a˜4
+
1
3!
e−iω0tΓ a¯aaa1;2,3,4a˜
†
−1a˜2a˜3a˜4
+
1
3!
eiω0tΓ a¯a¯a¯a1,2,3;4a˜
†
−1a˜
†
−2a˜
†
−3a˜4
+
1
4!
e−2iω0tΓ aaaa1,2,3,4a˜1a˜2a˜3a˜4
+
1
4!
e2iω0tΓ a¯a¯a¯a¯1,2,3,4a˜
†
−1a˜
†
−2a˜
†
−3a˜
†
−4
]
, (15)
where the Kronecker-δ enforces momentum conservation
and we use the abbreviation a˜1 = a˜k1 . Explicit expres-
sions for the two-magnon interaction vertices appearing
in Eq. (15) are given in the appendix, see Eqs. (A18a)–
(A18e). Within the rotating-wave approximation, it is con-
sistent to drop all oscillating terms on the right-hand side
of Eq. (15).
3 Collisionless kinetic equations
In this section we derive kinetic equations for the magnon
distribution in the rotating reference frame using three
different levels of approximation. However, a proper mi-
croscopic treatment of the collision integrals is beyond the
scope of this work [33]. Note that the phase factor e±iω0t/2
in Eq. (13) cancels in the diagonal distribution nk(t), so
that in the rotating reference frame the diagonal and the
off-diagonal distribution functions are given by
nk(t) = 〈a˜†k(t)a˜k(t)〉 = 〈a†k(t)ak(t)〉, (16a)
p˜k(t) = 〈a˜−k(t)a˜k(t)〉 = eiω0tpk(t). (16b)
3.1 Non-interacting system
To begin with, let us completely neglect all magnon-mag-
non interactions and approximate the Hamiltonian for the
pumped magnon gas in the rotating reference frame by the
quadratic Hamiltonian H˜2 in Eq. (14). From the Heisen-
berg equations of motion in the rotating reference frame,
i∂ta˜k =
[
a˜k, H˜(t)
]
, i∂ta˜
†
k =
[
a˜†k, H˜(t)
]
, (17)
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it is then easy to show that
∂tnk(t) + i [Vkp˜
∗
k(t)− V ∗k p˜k(t)] = 0, (18)
∂tp˜k(t) + 2iEkp˜k(t) + iVk [2nk(t) + 1] = 0, (19)
where in the second equation we have used Ek = E−k
and nk = n−k. These equations can be solved exactly
[17]. In the regime |Ek| > |Vk| the solutions exhibit an
oscillatory behavior, while in the strong-pumping regime
where |Vk| > |Ek| the solutions grow exponentially in time
[1,2,17].
3.2 S-theory: time-dependent self-consistent
Hartree-Fock approximation
Interactions between magnons eventually lead to a satu-
ration of the exponential growth of the magnon distribu-
tion in the strong-pumping regime. The simplest approxi-
mation which includes this interaction-induced saturation
mechanism is the time-dependent self-consistent Hartree-
Fock approximation, which in this context is called S-
theory [3,4,12,14,16]. The kinetic equations (18) and (19)
are then replaced by
∂tnk(t) + i
[
V˜k(t)p˜
∗
k(t)− V˜ ∗k (t)p˜k(t)
]
= 0, (20)
∂tp˜k(t) + 2iE˜k(t)p˜k(t) + iV˜k(t) [2nk(t) + 1] = 0, (21)
where the renormalized magnon dispersion E˜k(t) and pump-
ing energy V˜k(t) depend now on the distribution functions,
E˜k(t) = Ek +
1
N
∑
q
[
Γ a¯a¯aa−k,−q;q,knq(t)
+
1
2
e−iω0tΓ a¯aaa−k;−q,q,kp˜q(t) +
1
2
eiω0tΓ a¯a¯a¯a−k,−q,q;kp˜
∗
q(t)
]
,
(22)
V˜k(t) = Vk +
1
2N
∑
q
[
eiω0tΓ a¯a¯a¯a−k,k,−q;qnq(t)
+
1
2
Γ a¯a¯aa−k,k;−q,q p˜q(t) +
1
2
e2iω0tΓ a¯a¯a¯a¯−k,k,−q;q p˜
∗
q(t)
]
. (23)
Within the rotating-wave approximation we can drop the
rapidly oscillating terms proportional to e±iω0t and e±2iω0t,
so that the above self-consistency equation reduce to
E˜k(t) = Ek +
1
N
∑
q
Tk,qnq(t), (24a)
V˜k(t) = Vk +
1
2N
∑
q
Sk,q p˜q(t), (24b)
with
Tk,q = Γ
a¯a¯aa
−k,−q;q,k, (25a)
Sk,q = Γ
a¯a¯aa
−k,k;−q,q. (25b)
3.3 Mode decoupling
At this point the kinetic equations are still non-trivial
integro-differential equations. However, the authors of
Refs. [3,4,6] have proposed to decouple the modes with
different wavevectors by approximating the sums in
Eqs. (24a) and (24b) by the single term where the loop
momentum q is equal to the external momentum k,
E˜k(t) ≈ Ek + 1
N
Tk,knk(t), (26a)
V˜k(t) ≈ Vk + 1
2N
Sk,kp˜k(t). (26b)
As already mentioned in the introduction after Eq. (4),
this substitution has been justified by observing that af-
ter sufficiently long times only the mode with the longest
lifetime is significantly populated, so that the momentum
dependence of the magnon damping is crucial to justify
Eq. (26). This substitution can therefore only be used to
describe the asymptotic long-time dynamics of the magnon
distribution, including a possible stationary non-equilibri-
um state.
3.4 S-theory with magnon condensation
In the previous subsection, we have not taken into account
the possibility that the non-equilibrium expectation val-
ues ψk(t) = 〈ak(t)〉 of the magnon operators are finite,
see Eq. (2). In the strong-pumping regime or in the regime
where the magnons condense, the finite value of ψk(t) can-
not be ignored, so that we should complement our system
of kinetic equations by an equation of motion for ψk(t),
which is the analogue of the Gross-Pitaevskii equation de-
scribing the dynamics of the order parameter of a super-
fluid. The parametrization of the dynamics in terms of the
correlation functions nk(t) and p˜k(t) is then redundant
and it is better to consider their connected counter-parts
in the rotating reference frame,[17]
nck(t) = 〈δa˜†k(t)δa˜k(t)〉, (27a)
p˜ck(t) = 〈δa˜−k(t)δa˜k(t)〉, (27b)
where δa˜k(t) = a˜k(t) − 〈a˜k(t)〉. Note that conventional
S-theory does not explicitly take finite expectation values
of the magnon annihilation and creation operators into
account. Defining the expectation value of the magnon
operators in the rotating reference frame,
ψ˜k(t) = 〈a˜k(t)〉, (28)
we obtain within the self-consistent time-dependent
Hartree-Fock approximation and the rotating-wave ap-
proximation,
∂tn
c
k + i
[
V˜k (p˜
c
k)
∗ − V˜ ∗k p˜ck
]
= 0, (29)
∂tp˜
c
k + 2iE˜kp˜
c
k + iV˜k [2n
c
k + 1] = 0, (30)
∂tψ˜k + iE˜kψ˜k + iV˜kψ˜
∗
−k = 0, (31)
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where it is understood that all quantities are time-
dependent and the renormalized magnon dispersion and
pumping energy are now given by
E˜k = Ek +
1
N
∑
q
Tk,q
(
ncq +
∣∣ψ˜q∣∣2), (32a)
V˜k = Vk +
1
2N
∑
q
Sk,q
(
p˜cq + ψ˜−qψ˜q
)
. (32b)
4 Stationary non-equilibrium state
Within the approximations described in Sect. 3.2 we can
find a stationary non-equilibrium solution for the distri-
bution functions. We further simplify the self-consistent
energy E˜k(t) and the pumping V˜k(t) using the mode-
decoupling approximation described by Eqs. (26a) and
(26b). We also approximate 2nck + 1 ≈ 2nck in Eq. (30)
because the magnon density in the stationary state is of
order N  1. In the regime of parametric instability,
|Vk| > |Ek| , (33)
we find the stationary solution within S-theory [3,4],
nk = N
|Vk| − |Ek|
Tk,k +
1
2Sk,k
, (34a)
p˜k = −nk. (34b)
Eq. (33) implies that there is a minimum strength of the
pumping field h1 which is necessary to macroscopically
populate magnons with wavevector k and energy εk,
h1,min(k) =
4
∆
∣∣∣∣∣ εk
(
εk − ω02
)
−fk + (1− fk) sin2 θk
∣∣∣∣∣ . (35)
Note that at this point we have neglected magnon damp-
ing which would lead to a relaxation of magnon occupa-
tion. Without damping, this equation suggests that mag-
nons satisfying k = ω0/2 are always excited for infinites-
imal small pumping fields H1.
The above results for the stationary magnon distribu-
tions do not change if we use the modified S-theory in-
cluding magnon condensation as described in Sect. 3.4. In
this case we obtain from (29)–(31) with ∂tn
c
k = ∂tp˜
c
k =
∂tψ˜k = 0,
nk = n
c
k +
∣∣ψ˜k∣∣2 = N |Vk| − |Ek|
Tk,k +
1
2Sk,k
, (36a)
p˜k = p˜
c
k +
(
ψ˜k
)2
= −nck −
∣∣ψ˜k∣∣2. (36b)
Note that the partition of the magnon distribution func-
tion nk into a connected part n
c
k and a contribution |ψ˜k|2
from the finite expectation value of the magnon operators
is ambiguous as long as the magnon damping is neglected.
Another way to derive the stationary magnon distri-
bution functions in Eqs. (34) is to assume that in the sta-
tionary state only one pair of magnons with momenta ±k
is significantly occupied. This assumption was justified in
Refs. [3,4] by invoking again the phenomenologically in-
troduced magnon damping, which leads to a decoupling
of magnon modes. If we initially prepare the system in
a state where more than one pair of k modes is signif-
icantly occupied, the usual argument is that after suffi-
ciently long times only the pair of modes with the smallest
damping will survive. A simple phenomenological way to
model the effect of magnon damping is by inserting (by
hand) a damping rate γk into the equations of motion of
the magnon creation and annihilation operators. In the
rotating reference frame the resulting modified equations
of motion are
∂ta˜k(t) = (−iEk − γk) a˜k − iVka˜†−k, (37a)
∂ta˜
†
k(t) = (iEk − γk) a˜†k + iV ∗k a˜−k. (37b)
For simplicity let us focus on the magnons satisfying the
resonance condition εk = ω0/2 where Ek = 0. Then S-
theory gives a stationary solution [3,4]
nk = N
√
V 2k − γ2k
Tk,k +
1
2Sk,k
, (38a)
p˜k = −nk, (38b)
provided the pumping compensates the losses due to damp-
ing,
|Vk| > |γk| . (39)
In this case a non-zero minimum strength of the pumping
field h1,min(k) > 0 is necessary to obtain a stationary
state.
To visualize the magnon distribution in momentum
space we discretize the momenta as follows: First of all, we
retain only low-energy momenta where Ek = εk −ω0/2 ∈
[−0.1ω0, 0.1ω0]. This interval is then subdivided into Nε
shells [εi, εi+1] and the wavevectors k with Ek ∈ [εi, εi+1]
are parametrized by Nα discrete angles αj in the interval
[0, pi/2] as illustrated in Fig. 1.
From the plot of the magnon distribution function
obtained within S-theory in Fig. 2 (a) we see that for
small strength of the pumping field h1  h0 the insta-
bility condition (33) is fulfilled only in a small region of
the momentum space near the resonance surface defined
by εk = ω0/2. This is also shown in Fig. 2 (b) where
the magnon distribution function is plotted over ky for
kz = 0. The shape of the distribution function is mostly
determined by the numerator of Eq. (36a), where Vk is
almost constant along the y-axis and the magnon energy
depends approximately quadratically on the wavevector.
The width of the distribution function is three orders
of magnitude smaller than the momentum k0 = |k0| on
the resonance surface. This allows us to neglect the non-
vanishing magnon distribution function for momenta k
which do not satisfy the resonance condition k = ω0/2.
It is therefore sufficient to take into account only mo-
menta k with εk = ω0/2 for calculating the stationary
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Fig. 1. The discretization of momenta used for the numerical
solution of the kinetic equations. N = 5 energy shells with
Ek ∈ [−0.1ω0, 0.1ω0] are shown in the momentum space. They
are further subdivided by Nα = 10 discrete angles in the inter-
val [0, pi/2]. The wavevectors in the center of the meshes are
being used for the further calculations.
non-equilibrium state. To quantitatively examine the ac-
curacy of the mode-decoupling substitution (26) without
damping, let us try to construct a stationary solution of
Eq. (30) assuming p˜k = −nk. In this case Eq. (30) reduces
to the linear integral equation
1
N
∑
q
(
Tk,q +
1
2
Sk,q
)
nq = |Vk| − Ek. (40)
Obviously, a unique solution exists only if the matrix
Mk,q = Tk,q +
1
2Sk,q is invertible. Numerically, we find
that in certain parameter regimes this is not the case.
Moreover, even in a regime where this matrix is invertible,
it can happen that the resulting stationary distribution is
negative, which is obviously unphysical. These problems
do not arise if we retain only the diagonal elements of the
matrix Mk,q in which case we recover Eq. (34a). Fig. 3
shows Mk,q plotted over the angles θk and θq of two vec-
tors k and q with k = q = ω0/2. A peak for k = q
can be observed but this finding is not sufficient to jus-
tify the mode decoupling. However, as the stationary so-
lution obtained from the integral equation (40) can have
unphysical features, we conclude that the kinetic equa-
tions derived in Sect. 3 are not suitable to describe ex-
perimentally relevant systems and the replacement of the
Hartree-Fock self-energies in Eq. (24) by the decoupled
expressions in Eq. (26) is questionable although it gives
reasonable results. On the other hand, when taking into
account the magnon damping phenomenologically this de-
coupling can be justified by the mode-selective effect of
magnon damping. Thus, when investigating parametri-
cally pumped magnon gases, magnon damping should be
accounted for.
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Fig. 2. (a) Plot of the magnon distribution in the station-
ary solution (34a) within S-theory for a thin film of YIG with
thickness d = 10µm corresponding to N = 8080 and H0 = 800
Oe, H1 = 40 Oe, and ω0 = 25 GHz as a function of both
components ky and kz of the in-plane momentum k, (b) as a
function of ky for kz = 0, where k0 = |k0| is defined by the
resonance condition εk0 = ω0/2. The momenta are discretized
as shown in Fig. 1 but for different parameters. Note that the
magnon density is finite only in a small area around the reso-
nance surface where the condition (33) is fulfilled.
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Fig. 3. The dependence of Mk,q = Tk,q+Sk,q/2 on the angles
θk and θq of the two wave vectors k and q, where k and q both
fulfill the resonance condition k = q = ω0/2.
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5 Collisionless magnon dynamics
In this section we present numerical results for the time
evolution of the magnon distribution obtained from the
solution of the collisionless kinetic equations (29)–(31) of
modified S-theory with magnon condensation and mode
coupling and compare the results with the predictions of
conventional S-theory discussed in Sect. 3.2. For the nu-
merical solution of the kinetic equations we discretize the
momenta in the same way as above, shown in Fig. 1. The
total magnon number and off-diagonal occupation in the
rotating reference frame are then approximated by
n =
∑
k
nk ≈
Nε∑
i=1
Nα∑
j=1
nkij , (41a)
p˜ =
∑
k
p˜k ≈
Nε∑
i=1
Nα∑
j=1
p˜kij , (41b)
where kij is a wavevector in the center of the mesh-points.
Our numerical results for the total magnon density n/N
and the imaginary part of the off-diagonal density Imp˜/N
are shown in Fig. 4, where we compare these quantities
for the three different versions of S-theory developed in
Sect. 3. The numerical results are obtained for a thin YIG
film with thickness d = 10µm, exposed to a static mag-
netic field H0 = 800 Oe and oscillating field with am-
plitude H1 = 50 Oe and frequency ω0 = 13.857 GHz.
In Fig. 4 (a) we show the time evolution of the total
magnon density n/N and of Imp˜/N as predicted by the
conventional S-theory and mode decoupling as discussed
in Sect. 3.3. Because the damping is neglected, the magnon
density does not approach a stationary limit but con-
tinues to oscillate around the value n/N = 0.46 which
agrees with the stationary value n =
∑
k nk obtained from
Eq. (34a). Note that in this approximation modes with dif-
ferent wavevectors are completely decoupled. In Fig. 5 (a)
we show the time evolution of the occupation number of
magnon modes for some representative wavevectors. Due
to the mode-decoupling, the occupations oscillate with
given characteristic frequencies and amplitudes; summing
over all wavevectors we recover the time evolution of the
total densities shown in Fig. 4. Fig. 6 shows the Fourier
transform of the magnon density which has peaks for low
frequencies. As the amplitudes of the modes vary greatly,
the time evolution of the total magnon density is domi-
nated by the modes satisfying the parametric resonance
condition |Vk| > |Ek|. If we completely neglect magnon-
magnon interactions, then the magnon occupation grows
exponentially in this regime; the Hartree-Fock correlations
retained within S-theory cut off the exponential growth
and eventually lead to an oscillatory behavior with time
average given by the stationary distribution derived in
Eq. (34a).
The above results rely on the mode-decoupling approx-
imation (26). If we do not use this approximation but re-
tain all modes in integrals of the self-energy contributions
to the renormalized magnon energy E˜k(t) and the pump-
ing energy V˜k(t) defined in Eq. (24) of Sect. 3.2, the time
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Fig. 4. Magnon density n(t)/N (blue) and imaginary part of
the off-diagonal density Imp˜(t)/N (red) in the rotating refer-
ence frame obtained from the numerical solution of the col-
lisionless kinetic equations (29)–(31) at different levels of ap-
proximation discussed in Sect. 3: (a) conventional S-theory,
(b) S-theory with mode coupling, (c) S-theory with mode
coupling and magnon condensation; the green line represents∑
k |ψ˜k|2/N . The results are obtained with momentum mesh
consisting of Nα = 30 angles and Nε = 20 energies as de-
scribed in the text. The parameters are chosen as H0 = 800
Oe, H1 = 50 Oe, ω0 = 13.857 GHz, and d = 10µm correspond-
ing to N = 8080.
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Fig. 5. Time evolution of the diagonal distribution nk(t)/N
(top) and the off-diagonal distribution function p˜k(t)/N (bot-
tom) for different wavevectors satisfying the resonance condi-
tion εk = ω0/2. We have chosen six different angles θk between
0 and pi/2 uniformly to be shown. (a) within conventional S-
theory, (b) S-theory with mode coupling, (c) S-theory with
mode coupling and magnon condensation. The parameters are
the same as in Fig. 4.
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Fig. 6. The absolute value of the discrete Fourier transform
nˆ(fl) =
∑Nt−1
j=0 e
−2piifljn(tj) of the magnon density n(t) =∑
k nk(t) shown in Fig. 4, where fl =
l
Nt
. (a) Within conven-
tional S-theory, (b) S-theory with mode coupling, (c) S-theory
with mode coupling and magnon condensation. In this case the
Fourier transform of nc(t) + |ψ(t)|2 is shown.
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evolution looks rather different, as shown in Figs. 4 (b)
and 5 (b). The most striking difference is that now the
time-dependence of the magnon density is a superposi-
tion of oscillations with different frequencies, while the
off-diagonal density p oscillates with fixed frequency and
almost constant amplitude. Note also that n(t)/N now os-
cillates around n/N ≈ 0.30, which is significantly smaller
than the corresponding value n/N ≈ 0.46 obtained within
the mode-decoupling approximation. The time evolution
of specific momentum modes shown in Fig. 5 (b) exhibits a
rather complex behavior which now does not even resem-
ble its mode-decoupled counter-part in Fig. 5 (a). This
change is also visible in frequency space (Fig. 6 (b)); the
peaks for low frequency become less dominant and higher
frequencies emerge.
Finally, let us also take the magnon condensation into
account as described in Sect. 3.4. The result of the numer-
ical solution of the coupled integro-differential equations
(29)–(32) is shown in Figs. 4 (c) and 5 (c). The time evolu-
tion of the total magnon density looks very similar to the
corresponding time evolution without magnon condensa-
tion, with a slightly smaller time-average (n+ |ψ˜|2)/N ≈
0.29. However, the time evolution of representative modes
shown in Fig. 5 (c) is again different from the previous two
cases. In general, the inclusion of the finite expectation
values of the magnon operators leads to faster oscillations
involving a broader range of frequencies.
6 Summary and conclusions
In this work we have extended S-theory, which is a col-
lisionless kinetic theory for pumped magnon gases, by
including the coupling between different modes and the
finite expectation values of the magnon operators. The
conventional equations of S-theory should then be com-
plemented by an additional equation of motion for the
expectation values of the magnon operators which is anal-
ogous to the Gross-Pitaevskii equation of a Bose gas.
We have numerically solved collisionless kinetic equa-
tions for diagonal- and off-diagonal distribution functions
of magnons and have compared the resulting magnon dy-
namics using three different approximation schemes: con-
ventional S-theory without mode coupling, S-theory with
mode coupling, and S-theory with mode coupling and mag-
non condensation. The time-averaged magnon density in
the saturated regime has been found to have the same or-
der of magnitude for all three cases. However, the different
approximations lead to a very different time-dependence
of the occupation of representative magnon modes with
given wavevectors: mode coupling generates a more com-
plex time evolution which still exhibits some periodic struc-
tures, which are destroyed if the dynamics of the expecta-
tion values of the magnon operators is taken into account.
We have found numerically that a unique solution of
the collisionless kinetic equations exists only in some re-
gimes of parameter space and have argued that the so-
lution is unphysical. We conclude that physically mean-
ingful results for the stationary non-equilibrium state of
pumped magnon gases can only be obtained if magnon
damping is taken into account, either by including the
microscopic collision integrals or phenomenologically by
adding a damping rate by hand. As discussed in Sect. 4,
the latter is usually done in order to justify the mode-
decoupling approximation within conventional S-theory.
While such a procedure can be physically motivated, it
is formally not satisfying. We have recently made some
progress in this direction [33] by solving the kinetic equa-
tions for the magnon distribution in YIG including the mi-
croscopic collision integral arising from the cubic magnon
vertices.
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APPENDIX: HAMILTONIAN FOR PUMPED
MAGNONS IN YIG
To make this work self-contained, we outline here the main
technical steps in the derivation of the magnon Hamilto-
nian given in Eqs. (9) and (15) from the effective spin
Hamiltonian (6), see also Refs. [34,37]. As usual, we ex-
press the components of the spin operators Si in terms
of boson annihilation and creation operators bi and b
†
i
using the Holstein-Primakoff transformation [30] and ex-
pand the effective boson Hamiltonian in powers of 1/S,
see Eq.(8). Transforming to momentum space,
bi =
1√
N
∑
k
eik·ribk, (A1)
the quadratic part H2(t) of the effective boson Hamilto-
nian can be written as [34]
H2(t) =
∑
k
[
Akb
†
kbk +
Bk
2
(
b†kb
†
−k + b−kbk
)]
+h1 cos (ω0t)
∑
k
b†kbk, (A2)
where
Ak = h0 + S (J0 − Jk) + S
[
Dzz0 −
1
2
(Dxxk +D
yy
k )
]
,
(A3)
Bk = −S
2
[Dxxk − 2iDxyk −Dyyk ] , (A4)
and Jk and D
αβ
k are the Fourier transforms of the ex-
change and dipolar couplings,
Jk =
∑
i
e−ik·rijJij , (A5)
Dαβk =
∑
i
e−ik·rijDαβij . (A6)
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The cubic and quartic parts of the Hamiltonian read [34]
H3 = 1√
N
∑
k1,k2,k3
δk1+k2+k3,0
1
2!
[
Γ b¯bb1;2,3b
†
−1b2b3
+Γ b¯b¯b1,2;3b
†
−1b
†
−2b3
]
, (A7)
H4 = 1
N
∑
k1,...,k4
δk1+k2+k3+k4,0
[
1
(2!)
2Γ
b¯b¯bb
1,2;3,4b
†
−1b
†
−2b3b4
+
1
3!
Γ b¯bbb1;2,3,4b
†
−1b2b3b4 +
1
3!
Γ b¯b¯b¯b1,2,3;4b
†
−1b
†
−2b
†
−3b4
]
,
(A8)
where the cubic and quartic vertices are given by
Γ b¯bb1;2,3 =
√
S
2
[
Dzyk2 − iDzxk2 +D
zy
k3
− iDzxk3
+
1
2
(Dzy0 − iDzx0 )
]
, (A9a)
Γ b¯b¯b1,2;3 =
(
Γ b¯bb3;2,1
)∗
, (A9b)
Γ b¯b¯bb1,2;3,4 = −
1
2
[Jk1+k3 + Jk2+k3 + Jk1+k4 + Jk2+k4
+Dzzk1+k3 +D
zz
k2+k3 +D
zz
k1+k4 +D
zz
k2+k4
−
4∑
i=1
(
Jki − 2Dzzki
)]
, (A9c)
Γ b¯bbb1;2,3,4 =
1
4
[
Dxxk2 − 2iDxyk2 −D
yy
k2
+Dxxk3 − 2iDxyk3 −D
yy
k3
+Dxxk4 − 2iDxyk4 −D
yy
k4
]
, (A9d)
Γ b¯b¯b¯b1,2,3;4 =
(
Γ b¯bbb4;1,2,3
)∗
. (A9e)
To diagonalize the time-independent part of H2(t) we use
a canonical transformation(
bk
b†−k
)
=
(
uk −vk
−v∗k uk
)(
ak
a†−k
)
, (A10)
where
uk =
√
Ak + εk
2εk
, (A11a)
vk =
Bk
|Bk|
√
Ak − εk
2εk
, (A11b)
and the magnon dispersion is given by
εk =
√
A2k − |Bk|2. (A12)
Due to the time dependence of the last term in Eq. (A2),
the quadratic part of the Hamiltonian has also off-diagonal
terms,
H2(t) =
∑
k
[
εka
†
kak +
εk −Ak
2
+h1 cos (ω0t)
(
Ak
εk
a†kak −
εk −Ak
2εk
)]
+
∑
k
[
Vk cos (ω0t) a
†
ka
†
−k + V
∗
k cos (ω0t) a−kak
]
,
(A13)
where
Vk = −h1Bk
2εk
. (A14)
At this point we transform to the rotating reference frame
using another canonical transformation given in Eq. (13).
In rotating-wave approximation all terms which still ex-
hibit an explicit time-dependence in the rotating refer-
ence frame are neglected so that we arrive at the time-
dependent quadratic Hamiltonian in Eq. (14).
In terms of the magnon operators a˜k and a˜
†
k in the
rotating reference frame the cubic and quartic parts of
the Hamiltonian, H˜3 and H˜4, are [34]
H˜3 = 1√
N
∑
k1,k2,k3
δk1+k2+k3,0
[
1
2
Γ a¯aa1;2,3e
−iω0t/2a˜†−1a˜2a˜3
+
1
2
Γ a¯a¯a1,2;3e
iω0t/2a˜†−1a˜
†
−2a˜3
+
1
3!
Γ aaa1,2,3e
−3iω0t/2a˜1a˜2a˜3
+
1
3!
Γ a¯a¯a¯1,2,3e
3iω0t/2a˜†−1a˜
†
−2a˜
†
−3
]
, (A15)
H˜4 = 1
N
∑
k1,...,k4
δk1+···+k4,0
[
1
(2!)
2Γ
a¯a¯aa
1,2;3,4a˜
†
−1a˜
†
−2a˜3a˜4
+
1
3!
Γ a¯aaa1;2,3,4e
−iω0ta˜†−1a˜2a˜3a˜4
+
1
3!
Γ a¯a¯a¯a1,2,3;4e
iω0ta˜†−1a˜
†
−2a˜
†
−3a˜4
+
1
4!
Γ aaaa1,2,3,4e
−2iω0ta˜1a˜2a˜3a˜4
+
1
4!
Γ a¯a¯a¯a¯1,2,3,4e
2iω0ta˜†−1a˜
†
−2a˜
†
−3a˜
†
−4
]
, (A16)
with cubic vertices
Γ aaa1,2,3 = −Γ b¯bb1;2,3v1u2u3 − Γ b¯bb2;1,3v2u1u3 − Γ b¯bb3;1,2v3u1u3
+Γ b¯b¯b1,2;3v1v2u3 + Γ
b¯b¯b
2,3;1v2v3u1 + Γ
b¯b¯b
1,3;2v1v3u2,
(A17a)
Γ a¯aa1;2,3 = Γ
b¯bb
1;2,3u1u2u3 + Γ
b¯bb
2;1,3v1v2u3 + Γ
b¯bb
3;1,2v1v3u2
−Γ b¯b¯b3,2;1v3v2v1 − Γ b¯b¯b1,2;3v2u1u3 − Γ b¯b¯b1,3;2v3u1u2,
(A17b)
Γ a¯a¯a1,2;3 =
(
Γ a¯aa3;2,1
)∗
, (A17c)
Γ a¯a¯a¯1,2,3 =
(
Γ aaa1,2,3
)∗
, (A17d)
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and quartic vertices
Γ aaaa1,2,3,4 = Γ
b¯b¯bb
1,2;3,4u1u2v3v4 + Γ
b¯b¯bb
1,3;2,4u1u3v2v4
+Γ b¯b¯bb1,4;2,3u1u4v2v3 + Γ
b¯b¯bb
2,3;1,4u2u3v1v4
+Γ b¯b¯bb2,4;1,3u2u4v1v3 + Γ
b¯b¯bb
3,4;1,2u3u4v1v2
−Γ b¯bbb4;1,2,3u1u2u3v4 − Γ b¯bbb3;1,2,4u1u2u4v3
−Γ b¯bbb2;1,3,4u1u3u4v2 − Γ b¯bbb1;2,3,4u2u3u4v1
−Γ b¯b¯b¯b2,3,4;1u1v2v3v4 − Γ b¯b¯b¯b1,3,4;2u2v1v3v4
−Γ b¯b¯b¯b1,2,4;3u3v1v2v4 − Γ b¯b¯b¯b1,2,3;4u4v1v2v3,
(A18a)
Γ a¯aaa1;2,3,4 = −Γ b¯b¯bb2,1;3,4u2v1v3v4 − Γ b¯b¯bb3,1;2,4u3v1v2v4
−Γ b¯b¯bb4,1;2,3u4v1v2v3 − Γ b¯b¯bb2,3;1,4u2u3u1v4
−Γ b¯b¯bb2,4;1,3u2u4u1v3 − Γ b¯b¯bb3,4;1,2u3u4u1v2
+Γ b¯bbb1;2,3,4u1u2u3u4 + Γ
b¯bbb
4;3,2,1u3u2v1v4
+Γ b¯bbb3;4,2,1u4u2v1v3 + Γ
b¯bbb
2;4,3,1u4u3v1v2
+Γ b¯b¯b¯b1,2,3;4u4u1v2v3 + Γ
b¯b¯b¯b
1,2,4;3u3u1v2v4
+Γ b¯b¯b¯b1,3,4;2u2u1v3v4 + Γ
b¯b¯b¯b
4,3,2;1v4v2v3v1,
(A18b)
Γ a¯a¯aa1,2;3,4 = Γ
b¯b¯bb
1,2;3,4u1u2u3u4 + Γ
b¯b¯bb
1,3;4,2u1u4v3v2
+Γ b¯b¯bb1,4;3,2u1u3v4v2 + Γ
b¯b¯bb
2,3;4,1u2u4v3v1
+Γ b¯b¯bb2,4;3,1u2u3v4v1 + Γ
b¯b¯bb
3,4;2,1v1v2v3v4
−Γ b¯bbb4;3,2,1u3v2v1v4 − Γ b¯bbb3;4,2,1u4v2v1v3
−Γ b¯bbb2;3,4,1u2u3u4v1 − Γ b¯bbb1;3,4,2u1u3u4v2
−Γ b¯b¯b¯b2,3,4;1u2v3v4v1 − Γ b¯b¯b¯b1,3,4;2u1v3v4v2
−Γ b¯b¯b¯b1,2,4;3u1u2u3v4 − Γ b¯b¯b¯b1,2,3;4u1u2u4v3,
(A18c)
Γ a¯a¯a¯a¯1,2,3,4 = Γ
aaaa
1,2,3,4, (A18d)
Γ a¯a¯a¯a1,2,3;4 =
(
Γ a¯aaa4;3,2,1
)∗
. (A18e)
Finally, let us specify the coefficients Ak, Bk, and D
αβ
k
for a thin film of YIG. We assume that the thickness d in
x-direction is small compared to the extensions in y- and
z-direction. We are only interested in the dispersion of the
lowest magnon band and therefore use an effective in-plane
Hamiltonian to derive the dispersion of the lowest magnon
band. We use the uniform mode approximation ignoring
the fact that the system is not translationally invariant in
the x-direction and replace the transverse mode by plane
waves. This is valid for periodic boundary conditions in
all directions [37]. The coefficients Ak and Bk defined in
Eqs. (A3) and (A4) can then be written as
Ak = h0 + JS [4− 2 cos (kya)− 2 cos (kza)]
−S
2
(Dxxk +D
yy
k ) +
∆
3
, (A19)
Bk = −S
2
(Dxxk −Dyyk ) , (A20)
where the Fourier transforms of the dipole matrix elements
are [37]
Dxxk =
4piµ2
a3
[
1
3
− fk
]
, (A21a)
Dyyk =
4piµ2
a3
[
1
3
− (1− fk) sin2 θk
]
, (A21b)
Dzzk =
4piµ2
a3
[
1
3
− (1− fk) cos2 θk
]
, (A21c)
Dxyk = D
yx
k = 0, (A21d)
with the form factor given in Eq. (11). Note that for k = 0
there is the general relation [41,42,43,44]
Dαβk=0 =
4piµ2
a3
[
1
3
−Nα
]
δαβ , (A22)
whereNα is the geometry-dependent demagnetization fac-
tor. Eqs. (A21a)–(A21c) are a special case of this relation.
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